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§1. Introduction

Question 1.1

Why are there so many Cohen-Macaulay rings which are not Gorenstein?

Hierarchy of local rings (in terms of homological algebra)

Regular ⇒ Complete Intersection ⇒ Gorenstein ⇒ Cohen-Macaulay
⇒ Buchsbaum ⇒ Generalized Cohen-Macaulay (FLC)

Problem 1.2

Find new and interesting classes of rings which fill in a gap between Gorenstein
and Cohen-Macaulay rings so as to stratify Cohen-Macaulay rings.
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Preceding researches

Almost Gorenstein rings · · · Barucci-Fröberg, Goto-Matsuoka-Phuong
Goto-Takahashi-Taniguchi

Semi-Gorenstein rings · · · Goto-Takahashi-Taniguchi

Generalized Gorenstein rings · · · Goto-Kumashiro

2-almost Gorenstein rings · · · Chau-Goto-Kumashiro-Matsuoka

Weakly almost Gorenstein rings · · · Dao-Kobayashi-Takahashi

Nearly Gorenstein rings · · · Herzog-Hibi-Stamate

Far-flung Gorenstein rings · · · Herzog-Kumashiro-Stamate

Nearly Gorenstein ks
go

dim=1

NG + minimal multiplicity

��

2-almost Gorenstein

Semi-Gorenstein +3 Almost Gorenstein
ss

“twins”
33

+3

dim≤1 '/

Generalized Gorenstein

Far-flung Gorenstein ks NG + Far-flung Gorenstein

dim=1

KS

Weakly almost Gorenstein
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§2. Preliminaries

Let

(A,m) a CM local ring with d = dimA > 0

I an m-primary ideal of A.

Then ∃ ei (I ) ∈ Z (0 ≤ i ≤ d) s.t.

`A(A/I
n+1) = e0(I )

(
n + d

d

)
− e1(I )

(
n + d − 1

d − 1

)
+ · · ·+ (−1)d ed(I ) (n � 0).

Note that

e0(I ) > 0 and e1(I ) ≥ 0

A is a RLR ⇐⇒ e0(m) = 1, if A is unmixed. (Samuel, Nagata)

Theorem 2.1 (Koura-Taniguchi)

Set Λ(A) = {e1(I ) |
√
I = m}. Then

#Λ(A) < ∞ ⇐⇒ d = 1 and A is analytically unramified.

When this is the case, sup Λ(A) = `A(A/A).
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In what follows, let

(R ,m) a CM local ring with dimR = 1

I ⊊ R an ideal of R s.t. I ∼= KR

r(R) = `R(Ext
1
R(R/m,R)).

Definition 2.2 (Goto-Matsuoka-Phuong)

We say that R is an almost Gorenstein ring (abbr. AGL ring), if e1(I ) ≤ r(R).

Suppose I contains a parameter ideal Q = (a) as a reduction, i.e.

I r+1 = QI r for ∃ r ≥ 0.

For ∀ n ≥ 0, since I n+1/Qn+1 ∼= [ I
n+1

an+1 ]/R ⊆ R I/R , we have

`R(R/I
n+1) = `R(R/Q

n+1)− `R(I
n+1/Qn+1)

≥ `R(R/Q
n+1)− `R(R

I/R)

= `R(R/Q)

(
n + 1

1

)
− `R(R

I/R)

where R I = R[ Ia ] ⊆ R .
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Hence

`R(R/I
n+1) = `R(R/Q)

(
n + 1

1

)
− `R(R

I/R) (∀ n ≥ r − 1).

This shows

e0(I ) = `R(R/Q)

e1(I ) = `R(R
I/R) ≤ `R(R/R).

The embeddings

I/Q
a
↪→ I 2/Q2 a

↪→ · · · a
↪→ I r−1/Qr−1 a

↪→ I r/Qr ∼→ I r+1/Qr+1 ∼→ · · · ∼→ R I/R

yield that

r(R)− 1 = µR(I/Q) ≤ `R(I/Q) ≤ `R(I
r/Qr ) = e1(I ).

Therefore

µR(I/Q) = `R(I/Q) ⇐⇒ mI ⊆ Q

`R(I/Q) = e1(I ) ⇐⇒ I 2 = QI . (Huneke, Ooishi)
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We set

K =
I

a
=

{x

a
| x ∈ I

}
⊆ Q(R).

Then K is a fractional ideal of R s.t. R ⊆ K ⊆ R and K ∼= KR .

Theorem 2.3 (Goto-Matsuoka-Phuong)

R is an almost Gorenstein local ring ⇐⇒ mK ⊆ R (i.e. mI ⊆ Q).

Example 2.4 (AGL rings)

Let k be a field.

(1) k[[t3, t4, t5]]

(2) k[[t3, t4, t5]]×k k[[t]]

(3) k[[t3, t4, t5]]⋉ k[[t]]

(4) k[[X ,Y ,Z ]]/I2
(

X Y Z
Y 4 Z X 3

)
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Example 2.4 (AGL rings)

(1) k[[t3, t4, t5]]

(2) k[[t3, t4, t5]]×k k[[t]]

(3) k[[t3, t4, t5]]⋉ k[[t]]

(4) k[[X ,Y ,Z ]]/I2
(

X Y Z
Y 4 Z X 3

)
Example 2.5 (non-AGL rings)

(1) k[[t3, t3n+1, t3n+2]] (n ≥ 2); in particular, k[[t3, t7, t8]]

(2) k[[t3, t7, t8]]×k k[[t]]

(3) k[[t3, t7, t8]]⋉ k[[t]]

(4) k[[X ,Y ,Z ]]/I2
(

X 2 Y 2 Z
Y 4 Z X 3

)
Question 2.6

How can we classify these non-almost Gorenstein rings ?
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Recall that

R ⊆ K ⊆ R s.t. K ∼= KR

e0(I )− `R(R/I ) ≤ e1(I ) (Northcott’s inequality)

e0(I )− `R(R/I ) = e1(I ) ⇐⇒ I 2 = QI ⇐⇒ R is Gorenstein.

Theorem 2.7 (Goto-Matsuoka-Phuong)

TFAE.

(1) R is a non-Gorenstein AGL ring.

(2) e1(I ) = e0(I )− `R(R/I ) + 1, i.e., Sally’s equality holds true.

(3) `R(K
2/K ) = 1.

When this is the case, one has K 2 = K 3 and

`R(R/I
n+1) = (r(R) + `R(R/I )− 1)

(
n + 1

1

)
− r(R) for ∀ n ≥ 1.
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We set

R = R(I ) = R[It] ∼=
⊕
i≥0

I i and T = R(Q) = R[Qt] ∼=
⊕
i≥0

Q i

where t is an indeterminate. We define

SQ(I ) = IR/IT ∼=
⊕
i≥1

I i+1/IQ i .

Then

SQ(I ) = (0) ⇐⇒ I 2 = QI

SQ(I ) = T · [SQ(I )]1 ⇐⇒ I 3 = QI 2.

Theorem 2.8 (Goto-Nishida-Ozeki)

Set p = mT ∈ Spec T . The following assertions hold true.

(1) mℓ ·SQ(I ) = (0) for ` � 0.

(2) AssT SQ(I ) ⊆ {p}; hence dimT SQ(I ) = dimR, if SQ(I ) 6= (0).

(3) e1(I ) = e0(I )− `R(R/I ) + `Tp
([SQ(I )]p).
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We consider

rankSQ(I ) := `Tp
([SQ(I )]p) = e1(I )− [e0(I )− `R(R/I )]

which is an invariant of R . Then

e1(I ) = e0(I )− `R(R/I ) + rankSQ(I ).

Therefore

R is a Gorenstein ring ⇐⇒ rankSQ(I ) = 0

R is a non-Gorenstein AGL ring ⇐⇒ rankSQ(I ) = 1 (GMP)

R is a 2-almost Gorenstein ring
def⇐⇒ rankSQ(I ) = 2. (CGKM)

Question 2.9

For a given integer n ≥ 0, what kind of rings satisfy rankSQ(I ) = n ?
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§3. One-dimensional Goto rings

Let n ≥ 0 be an integer.

Definition 3.1 (My proposal)

We say that R is an n-Goto ring, if rankSQ(I ) = n and SQ(I ) = T ·[SQ(I )]1.

Note that R is n-Goto ⇐⇒ K 2 = K 3 and `R(K
2/K ) = n.
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Note that R is n-Goto ⇐⇒ K 2 = K 3 and `R(K
2/K ) = n. Moreover

R is 0-Goto ⇐⇒ R is Gorenstein

R is 1-Goto ⇐⇒ R is non-Gorenstein almost Gorenstein

R is 2-Goto ⇐⇒ R is 2-almost Gorenstein

R is `R(R/c)-Goto ⇐= R is generalized Gorenstein.

Remark 3.2

(1) rankSQ(I ) ≤ 2 =⇒ K 2 = K 3.

(2) There is an example s.t. rankSQ(I ) ≥ 3 and K 2 6= K 3.

Example 3.3

The ring R = k[[H]] = k[[th | h ∈ H]] (⊆ k[[t]]) is an n-Goto ring, where

H = 〈3, 3n + 1, 3n + 2〉 (n ≥ 1)

H = 〈e, {en − e + i}3≤i≤e−1, en + 1, en + 2〉 (n ≥ 2, e ≥ 4).
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Example 3.3 (continued)

Let H = 〈3, 3n + 1, 3n + 2〉. Consider R = k[[H]] and set K = R + Rt. Then

R ⊆ K ⊆ R = k[[t]] and K ∼= KR .

Since K 2 = R + Rt + Rt2 = R , we have K 2 = K 3 and `R(K
2/K ) = n. Hence R

is an n-Goto ring and µR(K
2/K ) = 1.

R =
0 1 2

3 4 5

6 7 8
...

...
...

3n−3 3n−2 3n−1

3n 3n+1 3n+2

3n+3 3n+4 3n+5

K =
0 1 2

3 4 5

6 7 8
...

...
...

3n−3 3n−2 3n−1

3n 3n+1 3n+2

3n+3 3n+4 3n+5

K 2 =
0 1 2

3 4 5

6 7 8
...

...
...

3n−3 3n−2 3n−1

3n 3n+1 3n+2

3n 3n+1 3n+2
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§4. Flat base changes

(R1,m1) a CM local ring with dimR1 = 1

ϕ : R → R1 a flat local homomorphism s.t. R1/mR1 is Gorenstein.

Then dimR1/mR1 = 0, K1 := R1 ⊗R K ∼= KR1 and

R1 ⊆ K1 ⊆ R1 ⊗R R ⊆ R1.

Theorem 4.1

For each n > 0, we have

R1 is n-Goto ⇐⇒ ∃m > 0 s.t. m | n, R is m-Goto, and `R1(R1/mR1) =
n
m .

Corollary 4.2

Let n ≥ 2 be a prime number. Then R1 is an n-Goto ring if and only if one of the
following conditions hold:

(1) R is a non-Gorenstein AGL ring and `R1(R1/mR1) = n.

(2) R is an n-Goto ring and mR1 = m1.
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Corollary 4.3

For each n > 0, we have

R is an n-Goto ring ⇐⇒ R̂ is an n-Goto ring.

Example 4.4 (cf. Chau-Goto-Kumashiro-Matsuoka)

Let R1 = R[X ]/(X n + α1X
n−1 + · · ·+ αn) (n ≥ 1, αi ∈ m). Then

R1 is a flat local R-algebra with m1 = mR1 + (x), where x = X in R1

R1/mR1 = (R/m)[X ]/(X n) is an Artinian Gorenstein ring

`R1(R1/mR1) = n.

Hence, if n ≥ 2 is a prime integer, then

R1 is an n-Goto ring ⇐⇒ R is a non-Gorenstein AGL ring.

Naoki Endo (Meiji University) Generalization of Gorenstein rings March 29, 2023 16 / 29



Intro Prelim One-dim rings Base changes Quasi-trivial ext Type 2 Minimal free resolutions Higher-dim rings

Example 4.5

Let K/k be a finite extension of fields with [K : k]=n ≥ 2. Set ω1 = 1 and
choose a k-basis {ω1, ω2, . . . , ωn} of K . For a numerical semigroup H and
0 < a ∈ H, we consider

R = k[[H]] ⊆ R1 = k[[H, {ωi t
a}1≤i≤n]] ⊆ K [[H]] ⊆ K [[t]].

Suppose r(T ) ≥ 2. Then R1 is a free R-module of rank n and `R1(R1/mR1) = n.
Hence, if n ≥ 2 is a prime integer, then

R1 is an n-Goto ring ⇐⇒ R is a non-Gorenstein AGL ring.

Example 4.6

Let a1, a2, . . . , aℓ ∈ Z (` > 0) s.t. gcd(a1, · · · , aℓ) = 1. Set H = 〈a1, a2, . . . , aℓ〉.
For an odd integer 0 < α ∈ H s.t. α 6= ai (1 ≤ i ≤ `), we consider

H1 = 〈2a1, 2a2, . . . , 2aℓ, α〉 (the gluing of H and N).

Then R1 = k[[H1]] is a free module of rank 2 and `R1(R1/mR1) = 2. Hence

R1 is a 2-Goto ring ⇐⇒ R = k[[H]] is a non-Gorenstein AGL ring.
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§5. Quasi-trivial extension

T a birational module-finite extension of R s.t. K ⊆ T and T 6= R

J = R : T .

For each α ∈ R , we set A(α) = R ⊕ J as an additive group and define

(a, x) · (b, y) := (ab, ay + bx + α·(xy)) for (a, x), (b, y) ∈ A(α).

Then A(α) is a CM local ring with dimA(α) = 1.

If α = 0, then A(0) = R ⋉ J.

If α = 1, then A(1) ∼= R ×R/J R , (a, j) 7→ (a, a+ j).

Note that

L = T × K is a fractional canonical ideal of A(α).

r (A(α)) = µR(T ) + r(R) = rR(J) + µR(K/J).
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Theorem 5.1

Let n ≥ 1. Then TFAE.

(1) A(α) is an n-Goto ring for ∀α ∈ R.

(2) A(α) is an n-Goto ring for ∃α ∈ R.

(3) R ×R/J R is an n-Goto ring.

(4) R ⋉ J is an n-Goto ring.

(5) `R(R/J) = n.

We choose T = R[K ] (= R I ) and set c = R : R[K ] (= J).

Corollary 5.2

Let n ≥ 1. Then TFAE.

(1) R is an n-Goto ring and µR(K
2/K ) = 1.

(2) A = R ×R/c R is an n-Goto ring and µA(L
2/L) = 1.

(3) A = R ⋉ c is an n-Goto ring and µA(L
2/L) = 1.
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Recall that

R = k[[t3, t3n+1, t3n+2]] (n ≥ 1) is n-Goto and µR(K
2/K ) = 1.

Example 5.3 (cf. Chau-Goto-Kumashiro-Matsuoka)

Let n ≥ 1. Suppose R is n-Goto and µR(K
2/K ) = 1. Consider

Aℓ =

{
R (` = 0)

Aℓ−1 ⋉ cℓ−1 (` ≥ 1)

where c = Aℓ−1 : Aℓ−1[Kℓ−1] and Kℓ−1 is the fractional canonical ideal of Aℓ−1.

We have an infinite family {Aℓ}ℓ≥0 of n-Goto rings with µAℓ
(K 2

ℓ /Kℓ) = 1 and
e(Aℓ) = 2ℓ· e(R) for ∀` ≥ 0.

The ring k[[t3, t7, t8]]⋉ k[[t]] is 2-Goto, since c = R : k[[t]] = t6k[[t]] ∼= k[[t]].
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We consider

(S , n) a CM local ring with dim S = 1 and k = R/m = S/n

f : R → k , g : S → k canonical maps

A = R ×k S = {(a, b) ∈ R × S | f (a) = g(b)} ⊆ R × S .

Then A is a CM local ring with dimA = 1. Note that

A is Gorenstein ⇐⇒ R and S are DVRs.

Theorem 5.4

Suppose #k = ∞, ∃KA, and Q(A) is Gorenstein. Then TFAE for each n ≥ 2.

(1) A = R ×k S is an n-Goto ring.

(2) One of the following conditions hold:

(i) R is Gorenstein and S is n-Goto.
(ii) R is n-Goto and S is Gorenstein.
(iii) R is p-Goto and S is q-Goto for ∃ p, q > 0 s.t. n + 1 = p + q.

Hence, if R is n-Goto and S is 2-Goto, then A = R ×k S is (n + 1)-Goto.
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§6. The case where r(R) = 2

Recall that, for each n ≥ 0, R is n-Goto ⇐⇒ K 2 = K 3 and `R(K
2/K ) = n.

Lemma 6.1

Suppose r(R) = 2. For each n ≥ 1, we have

R is n-Goto ⇐⇒ K 2 = K 3 and `R(K/R) = n.

When this is the case, K/R ∼= R/c and R is a generalized Gorenstein ring.

Suppose that

R = k[[ta1 , ta2 , ta3 ]], where 0 < a1, a2, a3 ∈ Z s.t. gcd(a1, a2, a3) = 1

R is not a Gorenstein ring

ϕ : k[[X ,Y ,Z ]] → R the k-algebra map s.t.

ϕ(X ) = ta1 , ϕ(Y ) = ta2 , and ϕ(Z ) = ta3 .

Then Kerϕ = I2

(
Xα Y β Zγ

Y β′
Zγ′

Xα′

)
for ∃α, β, γ, α′, β′, γ′ > 0.

Hence, `R(K/R) = αβγ or `R(K/R) = α′β′γ′.

Naoki Endo (Meiji University) Generalization of Gorenstein rings March 29, 2023 22 / 29



Intro Prelim One-dim rings Base changes Quasi-trivial ext Type 2 Minimal free resolutions Higher-dim rings

Example 6.2

Let R = k[[t7, t10, t22]]. Then K = R + Rt8 is a fractional canonical ideal of R .
Note that K 2 = K 3 and

R ∼= k[[X ,Y ,Z ]]/I2
(

X 2 Y 2 Z
Y 4 Z X 3

)
.

Hence `R(K/R) = 4, so that R is a 4-Goto ring.

Theorem 6.3

Let R = k[[H]]. Suppose e(R) = 3 and R has minimal multiplicity. Then TFAE
for each n ≥ 1.

(1) R is an n-Goto ring.

(2) H = 〈3, 2n + α, n + 2α〉 for ∃α ≥ n + 1 s.t. α 6≡ n mod 3.

When this is the case, one has

R ∼= k[[X ,Y ,Z ]]/I2
(
X n Y Z
Y Z Xα

)
or R ∼= k[[X ,Y ,Z ]]/I2

(
Xα Y Z
Y Z X n

)
.
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§7. Minimal free resolutions

(T , n) a RLR with dimT = ` ≥ 3, a ⊊ T and ideal of T s.t. a ⊆ n2, n ≥ 2

R = T/a is a CM local ring with dimR = 1, m = n/a

K a fractional canonical ideal of R , c = R : R[K ].

Suppose R is an n-Goto ring and v(R/c) = 1. Since `R(R/c) = n, we can choose

x1, x2, . . . , xℓ ∈ m s.t. m = (x1, x2, . . . , xℓ) and c = (xn1 , x2, . . . , xℓ).

By setting Ii = (x i1, x2, . . . , xℓ) (1 ≤ i ≤ n), we have

R : K = c = In ⊊ In−1 ⊊ · · · ⊊ I1 = m and

K/R ∼=
n⊕

i=1

(R/Ii )
⊕ℓi for ∃ `n > 0, ∃ `i ≥ 0 (1 ≤ i ≤ n − 1).

Write K = R +
∑n

i=1

∑ℓi
j=1 R · fij s.t. (R/Ii )

⊕ℓi ∼=
∑ℓi

j=1(R/c) · fij in K/R .

Choose Xi ∈ n s.t. xi = Xi in R .
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Theorem 7.1

If R =T/a is an n-Goto ring and v(R/c) = 1, then F1
M−→ F0

N−→ K → 0 gives a
minimal free presentation of K, where N = [−1 fn1···fnℓn fn−1,1···fn−1,ℓn−1

··· f11···f1ℓ1 ]
and

M=



a
(n)
11 a

(n)
12 ···a(n)

1ℓ
··· a

(n)
ℓn1

a
(n)
ℓn2

···a(n)
ℓnℓ

··· a
(1)
11 a

(1)
12 ···a(1)

1ℓ
··· a

(1)
ℓn1

a
(1)
ℓn2

···a(1)
ℓnℓ

c1c2···cq
Xn
1 X2···Xℓ 0

. . . 0
Xn
1 X2···Xℓ

Xn−1
1 X2···Xℓ

...
. . .

Xn−1
1 X2···Xℓ

. . .
X1X2···Xℓ

. . . 0
X1X2···Xℓ 0


Moreover, one has

a =
n∑

i=1

ℓi∑
j=1

I2

(
a
(i)
j1 a

(i)
j2 ··· a

(i)
jℓ

X i
1 X2 ··· Xℓ

)
+ (c1, c2, . . . , cq).
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Example 7.2

Let ϕ : T = k[[X ,Y ,Z ,W ]] −→ R = k[[t4, t11, t13, t14]] be the k-algebra map
defined by

ϕ(X ) = t4, ϕ(Y ) = t11, ϕ(Z ) = t13, and ϕ(W ) = t14

Then K = R + Rt + Rt3 is a fractional canonical ideal of R . Hence, K 2 = K 3

and `R(K
2/K ) = 3, so that R is a 3-Goto ring. Moreover, v(R/c) = 1.

The minimal free presentation of K is given by F1
M−→ F0 −→ K −→ 0, where

M =

[
Z −X 3 −W −XY Y W X 4 XZ
X 3 Y Z W 0 0 0 0
0 0 0 0 X 2 Y Z W

]
.

Hence
Kerϕ = I2

(
Z −X 3 −W −XY
X 3 Y Z W

)
+ I2

(
Y W X 4 XZ
X 2 Y Z W

)
.
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Theorem 7.3

Let X1,X2, . . . ,Xℓ ∈ n be a regular sop of T and assume K has a presentation of
the form

F1
M−→ F0

N−→ K −→ 0

where M and N are the matrices of the form stated in Theorem 7.1, satisfying the
conditions that

a
(n)
ij ∈ Jn (1 ≤ i ≤ `n, 1 ≤ j ≤ `)

a
(k)
ij ∈ Jn (1 ≤ k ≤ n − 1, 1 ≤ i ≤ `k , 2 ≤ j ≤ `)

a
(k)
i1 ∈ Jk (1 ≤ k ≤ n − 1, 1 ≤ i ≤ `k)

where Ji = (X i
1,X2, . . . ,Xℓ) (1 ≤ i ≤ n). Then R is an n-Goto ring.

Example 7.4

Let k be a field. For any ` ≥ 3, m ≥ n ≥ 2,

R = k[[X1,X2, . . . ,Xℓ]]/I2
(

X n
1 X2 ··· Xℓ−1 Xℓ

X2 X3 ··· Xℓ Xm
1

)
is an n-Goto ring with dimR = 1 and r(R) = `− 1.
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§8. Higher-dimensional Goto rings

(A,m) a CM local ring with d = dimA > 0

I ⊊ A an ideal of A s.t. I ∼= KA, and n ≥ 0 an integer.

Definition 8.1 (My proposal)

The ring A is called n-Goto, if ∃Q = (a1, a2, . . . , ad) a parameter ideal of A s.t.

(1) a1 ∈ I

(2) SQ(J) = T ·[SQ(J)]1 (i.e., J3 = QJ2)

(3) rankSQ(J) = n, where J = Q + I ,T = R(Q), and SQ(J) =
⊕

i≥1 J
i+1/JQ i .

Example 8.2

Let k be a field. For any ` ≥ 3, m ≥ n ≥ 2,

A = k[[X1,X2, . . . ,Xℓ,V1,V2, . . . ,Vℓ−1]]/I2
(

X n
1 X2+V1 ··· Xℓ−1+Vℓ−2 Xℓ+Vℓ−1

X2 X3 ··· Xℓ Xm
1

)
is an n-Goto ring with dimA = ` and r(A) = `− 1.
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Thank you for your attention.
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